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Abstract 

We propose a simple method to reduce a general p-form electrodynamics with re- 
spect to the standard Gauss constraints. The canonical structure of the reduced theory 
displays a p-dependent sign which makes the essential difference between theories with 
different parities of p. This feature was observed recently in the corresponding quan- 
tization condition for p-brane dyons. It suggests that these two structures are closely 
related. 
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1 Introduction 



The p-form electrodynamics is a simple generalization of an ordinary electrodynamics in 4- 
dimensional Minkowski space-time A4 4 where the electromagnetic field potential 1-form 
is replaced by a p-form in D-dimensional space-time 0], @. The motivation to study such 
type of theories comes e.g. from the string theory where one considers higher dimensional 
objects (so called p-branes @) interacting with a gauge field, p-branes are natural objects 
which couple in a gauge invariant way to a p-form gauge potential and, therefore, they play 
a role of elementary extended sources. 

Recently the new input to study a p-form theory came from the electric-magnetic duality 
which started to play a prominent role in theoretical physics in the 90. (see e.g. [|]]). Now, in 
order to have p-branes which carry both electric and magnetic charges (i.e. p-brane dyons) 
the dimension of space-time has to be equal D = 2p + 2. It turns out 0, |J that there is a 
crucial difference between p-form theories with different parity of p. Moreover, quantum me- 
chanics implies the following quantization condition upon the electric and magnetic charges 
(ei, pi) and ( &i,92) of any two dyons: 

eig 2 + (~l) p e 2 gi = nh , (1.1) 

with an integer n. For odd p the above condition is a generalization of the famous Dirac 
condition J/J but for even p it was observed only recently || -[[□]]. Again, a parity of p plays 



a crucial role in (1.1). 

The aim of the present paper is to show that this p-dependence is already present on 
the level of a canonical structure of the underlying p-form theory. This feature is however 
hidden in a standard formulation. Therefore, we propose a different approach. Because a 
theory possesses a rich abelian gauge symmetry we propose to reduce it with respect to 
the corresponding Gauss constraints. Such a reduction was proposed in the case of ordinary 
electrodynamics (and linearized gravity) in [[12] (it was applied to the variational formulation 
of the electrodynamics of point-like charges in |13| and fl4|l). The method of this paper is a 
straightforward generalization of [12j to a p-form case. We show that the reduced canonical 



structure (see formula ( 4.28 )) displays a p-dependent sign in a manner very similar to (|1.1|) 
which shows that duality invariance, quantization condition and canonical structure are 
closely related. We postpone the study of this relation to the next paper. It would be 
also interesting to investigate relation between our approach and the standard two potential 
formulation of a p-form theory (see e.g. || and |H|). 

The present paper is organized as follows: in section 2 we introduce basic facts about 
p-form electrodynamics and present its (unreduced) canonical structure in section 3. Then 
in section 4 we describe a reduction procedure. As an example of a reduced p-form theory we 
present a Maxwell-type theory in section 5 . All technical details and proofs are contained 
in appendixes. 



2 £>-form electrodynamics 

Consider a p-form potential A defined in the D = 2p + 2 dimensional Minkowski space-time 
J\4 2p+2 with the signature of the metric tensor (— , +, +). The corresponding field tensor 



2 



E ■ 


= F h 


..i p i 
1 

f 1)! 




(p 


Di 1 ...i p 


— Gi x 


...i p 




(p 


1 

+ 1)! 



is defined (p + l)-form by F = dA: 

-^l-.-Atp+l = ^i^ 2 .../ip+l] ! (2-1) 

where the antisymmetrization is taken with a weight one, i.e. -^-[ki] • — -^-ki — -^ik- Having a 
Lagrangian L of the theory one defines another (p + l)-form G as follows: 

8T 

G ^ P+1 = -( p+ 1)1 . (2.2) 

(y^m...^ p+1 

Now one may define the electric and magnetic intensities and inductions in the obvious way: 

(2.3) 

£i 1 ...i p j 1 ...j p+1 F n :,p+1 , (2-4) 

(2.5) 

<>,.,,,,...,,. :G"- J "-' , (2-6) 

where the indices zi,Z2, Ji, 32, ■■■ run from 1 up to 2p + 1 and £i 1 i 2 ...i 2p+1 is the Levi-Civita 
tensor in 2p+l dimensional Euclidean space, i.e. a space-like hyperplane £ in the Minkowski 
space-time. The field equations are given by the Bianchi identities dF = 0, or in components 

dixF^...^] = , (2.7) 

and the true dynamical equations d * G = 0, or equivalently 

d[ X * = , (2.8) 

where the Hodge star operation in J\A 2p+2 is defined by: 

r<m...Hp +1 _ _ tM 1 ...fj,p +1 v 1 ..Mp +1 n (0 q\ 

* u ~ (p + iy. ^1-^+1 i z - y J 

and 7^i^2---^2p+2 j s covariantly constant volume form in the Minkowski space-time. Note, 
that e ll " A2p+1 := r] 0il --- l2p+1 . In terms of electric and magnetic fields defined in (|2.3| )- (|2.6| ) the 
field equations (|2.7| )-(|2~8]) have the following form: 

d B h - ip = (-l) p i e^vkh-h v, A},..,. , (2.10) 

y hB h-i P = , (2.11) 

doD ii-i p = _L e h...i p kh... jp v ; ,// ; , (2.12) 

V^D* 1 -*" = , (2.13) 

where denotes the covariant derivative on £ compatible with the metric r\u induced from 
J\4 2p+2 . The Levi-Civita tensor density satisfies ei2...2 P +i = \fg~i with g = det(rjki). 

The field equations ( |2.10|) -( f2.13|) may be rewritten using the language of differentials 
forms. Obviously D, B, E, H are p-forms on S. Let us define (p + l)-forms: 

V:=*xD, B:=*xB, (2.14) 
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where denotes the Hodge star on E: for any k-form 

(*E^0ii... i n -k -~ _ e h--in-kji—jk 

with n = 2p + 1. With this notation one has: 



B = (-l) p dE , dB = , 
V = dH , dV = . 



(2.15) 



(2-16) 
(2.17) 



3 Canonical structure 

The phase space V of gauge invariant configurations (V, B) or equivalently (D, B) is endowed 
with the canonical structure. Using local coordinates (D %1 '" %p , B 3l '" 3p ) the most general 2- 
form on V is given by: 



a 



d 2p+1 x / d 2p+ h 



X,,.,, , (x,y)^-^(x)A^--^(y) 



+ ^K,.., ; „..,Jx.y)rt/;'- '-(x) A ^-Jp(y) 
+ ^;,., ; ,,...,(x.v),i/r -••(X) A ,5B*"*(y) 



(3.1) 



Taking into account the field equations (|2.10 ) and ( [2 . 1 2| ) the hamiltonian vector field Xh p 



is described by 

.y„ = i d 2p+i 



c ii...tpkj 1 ...jp I v 11 



5D. 



- + (-lVV*^' 1 -*- 



5B^ 



(3.2) 



(3.3) 



Therefore, the formula ( |3.2| ) is solved by if p and fi p defined as follows: 
H p=^J d 2p+1 x{D^E h ... lp + /r-W/,,.. ; J , 

^ = / d 2p+1 :r / rf 2p+1 i/ ^-V(x) A ^ 1 -*(y)e n ... ipfcjl ... > V fc G(x,y) 



and 



(3.4) 



(3.5) 



where G(x, y) denotes the Coulomb Green function in 2p + 1 dimensional Euclidean space, 



i.e. 



AG(x,y) = -^ +1 )(x-y) . (3.6) 
The formula (|3.5| ) uses only gauge-invariant quantities. It may be, however, considerably 



simplified by introducing a gauge potential. One solves ( p. 11 



via: 



(3.7) 



which is the obvious generalization of B = V x A from p = 1 electrodynamics. Now, modulo 
gauge-dependent boundary term, the symplectic form reads: 



a 



(-l) p J d 2p+l x 5D 11 - 1 ? A 5A h ... lp = {-l) p+1 J d 2p+l x 5G^-^° A <L4 Ml ... Mp 



(3.8) 



Having a symplectic structure in V one may easily derive corresponding Poisson brackets: 



d 2p 



+1 



X 



,):F e h...i P kh...j P Vfc _^_ _ (jr ^ g) 



(3.9) 



where T and Q are functionals on V. Note, that D ll " tp and B n ~ lp are not arbitrary but they 
have to satisfy the Gauss laws ( |2.11| ) and ( |2.13| ). The fundamental commutation relations 
implied by ( |3.9| ) read: 



{£)n-*p(x),S il "*(y)} p = e^-W-^VfcJ^^x-y) , 
{D*-*(x), D*"*(y)} p = {/r •'•ix)./i- ^iy)} ; , = , 



(3.10) 
(3.11) 



with xjGE. 



4 Reduction 



The idea of this section is to find a new set of electromagnetical variables using a philosophy 
of "2p+l" decomposition (it is a straightforward generalization of |12|)- These new variables 
solve partially the Gauss constraints (|2.11| ) and (|2.13|) . Moreover, they are canonical with 
respect to Q p . 



4.1 "2p+l" decomposition 

The "2p+l" decomposition is based on the observation that the 2p+l dimensional Euclidean 
space £ may be decomposed as follows: 

S = S 2p (l) x R , (4.1) 

where S 2p (l) denotes 2p dimensional unit sphere and R represents "radial" direction. Let 
us introduce spherical coordinates on E: 

x A = <p A , A=l,2,...,2p, (4.2) 
x 2p+1 = r , (4.3) 

where cp 1} (p 2 , <£2 P denote spherical angles (to enumerate angles we shall use capital letters 
A, B, C, ...) (for more details see Appendix [Ap. Let rj^i denote the Minkowskian metric on E 
and let X p denote the corresponding volume element, i.e. A p = ^det rjki (see ( |A.3| )). Finally, 
let €a 1 ...a 2p denote the Levi-Civita tensor on S 2p {r) such that eA 1 ...A 2p '■= £rA 1 ...A 2p ( we use 
the same letter to denote the Levi-Civita tensors on E and S 2p (r)). We shall denote by "|" 
the covariant derivative defined by r\u on E and by " 1 1 " the covariant derivative on each 
S 2p (r) defined by the induced metric tjab- 
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4.2 Symplectic reduction 



Let us consider the evolution of the p-form electromagnetic field in the finite volume VsE. 
For simplicity we take V = K 2p+1 (0, R) (a (2p + 1) dimensional ball of radius R). Of course 
one may take any V topologically equivalent to K 2p+1 (0,R) but then instead of spherical 
coordinates one chooses coordinates adapted to V. 

To reduce Q p in V we use the "2p+l" decomposition: 



(-1) P+1 Q P = ] \6&-W /\8A h .,. ip = - J \8m-^ ASA h ... ip 
= - J X p (pSD***"** A 5A ri2 .. Ap + 8D A ^ A * A 8A Al .„ Ap 

Using ( |3.7| ) one obtains 

r>Ai...A p _ Ai...A p rBi...B p a A , A 1 ...ApB 1 rB 2 ...B p a 

D p — e p P O r A Bl ...B p + P£ A r B 2 ...B p \\Bi 

and hence 



eA^.ApB^.Bp B A - A ^ = P \ 8%:% 
where we have used the following identity 



d r A Cl ...Cp-pA r c 2 ...Cp\\c 1 



\\Bi 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



with arbitrary N and M. 

Now, to simplify our consideration, let us choose the following gauge conditions for a 
p-form A 1 - Ap and {p — l)-form A 2 " p Q n each sphere S 2p {r): 



A Al - A " Ul = , prA 2 ...A v 



. 



In such a gauge 



^A\...A p B\...Bp Ba x ...Ap\\b x = (~l) p+1 pp\ r~ 2 A p-1 A rB *"' Bp 



where A„_ 1 is defined by: 



A p _ i: =(p-l)![r 2 V A V^-(p 2 -l 
This operator has a clear geometrical interpretation. 

Lemma 1 r~ 2 A p _ 1 equals to the Laplace- Beltrami operator for (p— 1)- forms X = (X 
on S 2p (r) satisfying X A2 - Ap \\ A2 = 0, i.e. 

r- 2 A X X = (d*d + dd*)X = d*dX . 



(4- 



(4.9) 



(4.10) 



A 2 ...A P \ 



(4.11) 



For proof see Appendix [FJ. The factor r 2 in ( |4.10[ ) makes A p _ 1 r-independent, i.e. 

[A p _ 1: d r ]=0. (4.12) 
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Lemma 2 The operator A x is invertible. 

For proof see Appendix |B|. Denoting by A"^ the inverse of A p _ 1 we finally obtain: 



A rB 2 ...B p = ( _ 1)P+ 1 _ ^M...A pBl ...B p B Ai Apl]Bi 



Introducing variables: 



Q(X) 
n 



A 2 ...A P 

■) 
(1) 



r 
r 



jyA 2 ...A p 



A" 1 U r>Ai...A p \\Bi 
B 2 ...B P — ^p-l {^A 1 ...A P B 1 ...B P H 



(4.13) 

(4.14) 
(4.15) 



we may rewrite the first integral in (|4.4j ) as 



X p p5D ri2 " Ap A 5 A 



ri 2 ...i p 



To reduce the second term in ( [4.4|) observe that in the special gauge 
expressed as follows: 

A4i...A p - eA 1 ...A p B 1 ...B p P 

Now, from ( |3.7|) 

grB 2 ...B p _ e B 2 ...B p Gi...C p +i 



(4.16) 
A^...^ may be 
(4.17) 

(4.18) 



i C 2 ...C p +i\\Ci ■ 

Inserting ( [1.1 7] ) into ( 4.18|) and using once more the gauge conditions (O) we obtain 



and, therefore 



B rB 2 ...B p = _ p] r -2 A pB 2 ...B p ^ 



pB 2 ... B p _ — _ — A -l B rB 2 ...B p 



which, together with ( f4.17| ), gives 



Aa 1 ...A p = -—^ £A X ...A P B X ...B P (Apii B' B2 - Bp 



\\Bi 



(4.19) 
(4.20) 

(4.21) 



Having Aa. x ...a p we ma y calculate the second term in Q4.4|) : 
- I \ t SD A '- A > A SA Al _ Ap 

Defining: 



n 



)A2...A P 

'(2) 
(2) 



r grA 2 ...A p 

r 



b>...b, - ' 7T A /' ; : (' '>' /> 1: - V " 



(4.22) 

(4.23) 
(4.24) 



we may rewrite ( (4.22|) as 



- J X p 5D Al - A ? A 5A_ 



h ... Ap = f x p anSt^ a 5gf 2 2 } - Ap . (4.25) 



Now, taking into account ( 4.16Q and ( 4.25 ) we have finally 



n 



red 



A 2 ...A P 
(1) 



+ 



■i) p+1 5n { ? A A 5Q M - Ap 



'(2) 



Let us use more compact notation 



X Y := X A2 - Ap Y A2 ... A 



(4.26) 



(4.27) 



Our result may be formulated as 

Theorem 1 The reduced symplectic structure Qp ed has on the reduced phase space 
(Q( a ), n*-"- 1 ) the following form: 

% ed = ! K ( 5n(1) ■ A ^Q(i) + (-i) p+1 5u^ ■ ASQ {2) 
The above theorem obviously implies 

Theorem 2 The corresponding reduced Poisson bracket ( \3.f\ ) reads: 



V. 



red 



{^GY P ed = J \ 



sg 



+ 



5G 



.5Q(d v ' 5Q ( 2) snw 

This formula leads to the following commutation relations: 

{Ql^ Ap (x)M...B P (y)Y P ed 
{Q^- Ap ^)MZ.B p {y)Y P ed 

and the remaining brackets vanish. 



S$X\ ^ (2p+1) (x-y), 
(-i) p+1 < B 2 ,-.'t] ^ (2p+1) (x-y) 



(4.28) 



(4.29) 



(4.30) 
(4.31) 



4.3 Reconstruction 

Now, could we reconstruct D and B in terms of Q's and ITs? The answer is positive by 
virtue of the following reconstruction 

Theorem 3 The variables (Q( a ),II^; a = 1,2) contain the entire gauge-invariant infor- 
mation about the fields D n ~ %v and B ll --- lp . 



Proof, we show that Q(i) and n*- 2 -* encode the information about D field. Due to ( 4.14 ) it is 
enough to show how to reconstruct the tangential part of D, i.e. £j Al "' Ap . Let us make the 
following decomposition (see Appendix |A]): 



jjAi...Ap _ jj[A 2 ...A p \\Ai} _|_ € A 1 ...A p B 1 ...B p y 



B 2 ...B p \\Bi 



(4.32) 



Lemma 3 The following identities hold: 



r 2 D Al - Ap Ul = A p _ 1 U A2 ' Ap , (4.33) 
r 2 e Al ... ApBl ... Bp D A - A ^ = A p _, V B2 ... Bp . (4.34) 
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For proof see Appendix [B|. Therefore 

V B2 ...B p = -p\m%l_ Bp . (4.35) 
Now, to reconstruct lA A2 '" Ap let us use ( |2.13| ). 



Lemma 4 The Gauss constraints D kAs " p \}. are equivalent to 

d r (r 2p D rM - A *) + r 2p D AlA2 - A * l[Al = . (4.36) 
The proof see Appendix |B|. Finally, due to (^4.36|) 



U A 2 ...A P = _ r 2 A -^ dr ^2p-l Q A Y Ap ) . (4.37) 

In the same way one shows that Q(2) and 11^ reconstruct B field. □ 
4.4 Counting degrees of freedom 

Let us count the total number N p of degrees of freedom for a p-form theory. Define a number 
n\ by: 

< = ( * + 1 ) . (4.38) 

A p-form potential Ai...i p on £ has n£ independent components. However, due to a gauge 
freedom 

4... lp -4... lp + V [ll A!;!, pl (4.39) 

some of them may be gauged away e.g. to zero. A^' A _ 2 carries np_ x components but the 
equation ( |4.39| ) is still invariant under 

A w . -> A a) . + Vr- A (2) , f4 40) 



P 

2 



Therefore, some of the components of A^ may be gauged away via A^ which has n p p 
components. The same argument applies for A^ and one continues up to a 0-form A p 
carrying obviously only one component. Therefore, the total number of degrees of freedom 
carried by Ai...i p equals: 

N p = r%- n p p _ x + n p p _ 2 - ... + (-l)X • (4-41) 
Using the standard mathematical induction it is easy to prove that 

Np =( 2 p) ■ ( 4 - 42 ) 
Now, note that Q(i) and Q( 2 ) carry together 

Therefore, 

M v > N p (AAA) 
and the equality holds only for p — 1. It means that for p > 1, Qr a ) are not independent. 
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Lemma 5 For p > 1, reduced variables Q( a ) and satisfy the following constraints: 



Va 2 Q 



A 2 ...A P _ q ^^^(a) 



(a) 



A 2 ...A P 



. 



(4.45) 



The proof follows obviously from ( |2.11| ) and ( |2 . 1 3| ) . Note, that these constraints are trivially 
satisfied for p = 1. 



5 Maxwell theory 

The simplest p-form theory is of the Maxwell type, i.e. constitutive relations between induc- 
tions (D, B) and intensities (E, H) are linear: 



jyi\...i v _ j^t!...i p 



j^ll-.-lp Jjpl---lp 



In such a case it is easy to rewrite field equations ( [2.10| ) and 
Theorem 4 Equations ( $■!(] ) and $2.13( ) are equivalent to: 



(5.1) 

in terms of Q's and ITs. 



<9(i) 

^(2) 



-A ttM- a p 



r A 2 ...Av 



ll A 2 ...A p 

fr(2) 
ll A 2 ...A p 



(5.2) 
(5.3) 
(5.4) 
(5.5) 



(-lfA^ n (2) ^ 

-A^i [r- l dl{rQ^ Ap ) + r _2 A p _ 1 Q% 
(-1) P A;^ [r-'dUrQ^l.Ap) + r- 2 ^ Q ( Z..A P 

where Q^.Ap ■= VMB^ApBpQ^ and Ufa"** := ^ V^< } .. Bp ■ 

For proof see Appendix y. These equations may be derived from the following hamiltonian: 
1 



H„ 



2(p-l)! 

n w v r nw 



r Q( a ) • Q 



(a) 



- 2p a r (r 2 ^ 1 Q (Q) )A;i 1 -a r (rQ 



(«)> 



i.e. 



Q(a) 



n 



(a) 



{Q( a ),ifp}p 6 , 



{11(a), #p} re " 



(5.6) 



(5.7) 
(5.8) 



with the Poisson bracket defined in ([00). One easily shows that the numerical value of 
H p is equal to the standard (i.e. obtained via the symmetric energy-momentum tensor) 
electromagnetic energy contained in V, i.e. 



(5.9) 
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Appendixes 

A Geometry of S 2p (r 



The relation between cartesian (y 1 , y 2 , y 2p+1 ) and spherical coordinates (x 1 , x 2 , x 2p+1 ) 
introduced in (W. 21) -((4. 31) reads as follows: 



y 1 = rsiny22pSiny22p_i...sin^ 3 sin</?2sin^i , 
y 2 = r sin <yj 2p sin </? 2p _i... sin (/? 3 sin y9 2 cos , 
y 3 = r sin (f2 P sin (f2 P -i... sirups cos (f2 , 



y 2p = r sin ip 2p cos ip 2p -i 
V 2p+1 = rcosy? 2p • 



The Minkowskian metric on £ is diagonal: 



2p 

Vkk r 2 { ] sin 2 v9/ , k = 1, 2, 2p - 1, (A.l) 



l=k+l 

„2 



?72p,2p = 7- , 7] rr = 1 . (A.2) 

Therefore, the volume element 

2p 



A p = y/det r/ H = r 2p J] sir/" 1 ^ A . (A.3) 

A=l 

One easily calculates the corresponding Christoffel symbols. The only nonvanishing symbols 
are: 

T A Br = r-H A B , T AB = -r-^ AB . (A.4) 
Now, one easily finds the Riemann tensor on S 2p (r): 

Rabcd = r~ 2 (rj Ac r]DB ~ VadVcb) , (A. 5) 

where r] AB denotes the induced metric on each S 2p (r). The corresponding Ricci tensor Rab 
and a scalar curvature R read: 

RAB= *Ll± nAB , R= W£fJ±. (A.6) 
Finally, let e Ax ... A , Zv denote the Levi-Civita tensor density on S 2p (r) such that 

£l2...2p = A p . 

Let X = X Al ___ A denote any p-form field on S 2p (r). This field may be decomposed as follows: 
X Al ... Ap = V [Al a A2 ... Ap] + e Al ... ApBl ... Bp V Bl /3 B2 - B - , (A.7) 
Formula ( A.7 ) follows from the Hodge theorem 

X = da + d*/3' + h , (A.8) 
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with a being a (p— l)-form, j3' a (p + l)-form and h a harmonic p-form. Note, that there is no 
harmonic term in ( |A.7| ) because the set of harmonic p- forms on S 2p (r) is empty. Obviously, 
/3' = X * (3 for some constant A. To find A note, that for even dimensional Riemannian 
manifolds the adjoint d* of d reads: 

d* = - * d* (A.9) 
and, therefore, d*/3 f = —A * d* */3. Now, on a Riemannian n-dimensional manifold 

**o> fc = (-l)*( n -*W, (A.10) 

and hence for n = 2p, * * (3 = (—l) p+1 (3. Therefore, d*/3' = (— 1) P A * dp which implies 
A =(-!)*>. 



B Proofs 

B.l Proof of Lemma |T| 

Consider any (p— l)-form X = (Xa 2 ...a p ) on S 2p (r) such that V A2 Xa 2 ...a p = 0. This condition 
may be rewritten as 

d*X = 0. (B.l) 
Therefore, the Laplacian on X reduces to 

{d*d + dd*)X = d*dX . (B.2) 

Due to (|A.9|) , d*dX may be calculated as follows: 

{*d*dX) M ... Ap = ^-^e A2 ... ApABl ... B y A (*dX) B ^ 

= ^^e^,..^B,.. Bp V^ie B -'^ c --^V [Cl X C2 ... c7p] 

P' r I Y7 A ^B\...B V C\...C V v7 B\ r .AB 2 ...B v C\...C v 



— —y e A 2 ...A p AB 1 ...B p [v e - V e 



pl(p + 

VB P Bi...B p -iACi...Cp\ V7 y- 
6 J V[CiACj...C p ] 

_ 1 f e: B 1 ...BpCi...Cp T7 A ncr AB 2 ...BpCi...Cp Y7 B 1 

•V[c 1 A^c 2 ...c P ] 

(-l) P p\ / Cl ... C PV?A . c d ... Cp yjBA V7 v 

= Jp-^Ty.{ 6 lM...ApA]V +pS [AamA J l] V l )V {Cl X c ^.c p] 

= - 6 iaa 2 '.'.'.Ap] v a v [Ci a: C2 ... Cp] 

= (p -1)!(- V A V^^ 2 .. A + (-irv A V [A2 X A3 ... ApM ) . (B.3) 
To calculate the second term note that 



[A 2 ^-A 3 ...A P ]A — V ^ V A 2 ^A 3 ...A P A ~ ^ A- j ,^A 2 A i ...A p A- 

V Ap X A . 2 ,„ Ap _ lA2A ) . (B.4) 
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Now, we use the following well known property of the Riemann tensor 

[V A , V B }T Cl - c * = R Cl DAB T DC ' 2 - Ck + ... + R Ck DAB T C2 - Ck - lD , (B.5) 
which holds for any tensor field T Cl - Ck . Using (p.5| ) one has: 

V A V M X M - ApA = ri MB [V A ,V B ]X A3 - A v A = V MB (R A3 CAB X CA *- A » A 



+... + R Ap CAB X As - A "- lCA + R A CAB X A3 ~ A * C ) . (B.6) 

Using ( |A.5|) one obtains 



V MB R M cabX CM - A * A = r- 2 r, A ^ D (r) DA ricB-VDBVcA)X OA ^ A 

= r - 2 x A2A4 -- ApA3 = r - 2 (—iy +1 x A2 - Ap . (B.7) 



Exactly the same result holds for the first (p — 2) terms in ( p.6| ). The last term 



j] MB R A CAB X M - ApC = T) MB R CB X M - A * C = r~ 2 (-l) p (2p - \)X M - A * , (B.8) 
due to ( [OP . Finally, 



X A2 ... Ap 



(-*d*dX) A , 2 ... Ap = ( p -l)\[v A V A -r~ 2 (p 2 -l) 

= r" 2 V^,,..^ . (B.9) 



□ 



B.2 Proof of Lemma |2| 

It is a well known fact from the theory of cohomology that on S n (r) the kernel of A fc is 
nontrivial only for k = and k = n. The p = 1 case (i.e. an ordinary electrodynamics 
in A4 4 ) is special because A = r 2 V A V A possesses zero modes which are simply constant 



functions on S (r). This problem was treated in [12 



□ 



B.3 Proof of Lemma |3| 



Let X = (X Al ^ Ap ) be a p-form on S 2p (r). Due to the Hodge theorem ( |A.8| ) it may be 
decomposed as follows: 

X Al ... Ap = V [Al a A2 .., Ap] + e Al ... ApBl ... Bp \7 B '{3 B2 - B » , (B.10) 

i.e. a and (3 are (p — l)-forms on S 2p (r): 

X = da + *dp. (B.ll) 
Let us choose a following "gauge condition" for a and j3: 

d* a = d*P = . (B.12) 
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Now, taking into account ( B.ll ) and Lemma |l]one obtains 

d*X = d*da = r- 2 A p _ ia 

and 

*dX = *d*d(3= -d*d/3 = - A p _ 1( 5 
Rewriting ( B.13|) and ( B.14|) in components on obtains: 

2 yA±A 2 ...A p _ a A 2 ...A P 

and 



Aj,.^'" 8 " = -r 2 (*dX) B2 - B ? 



-1 



(p+1)! 



B 2 ...B„B 1 A 1 ...A 



Bx^Ai. 



e Al - ApBl - Bp V Bl X Al ... Ap . 



B.4 Proof of Lemma 



£)«2...i„ |fc = d k D ki2 ~ A r + r^. />''•-'■ + (p - 1) r^/;^"-'' 

where the last term obviously vanishes. Therefore 



D 



kA 2 ...A v 



d r D 



rA 2 ...A 



* + d B D BA2 - A " 



+ r r „D rA2 - A * + r r rB D Bh -- A f + rl r D rM - A * + t b bc d cm - 

Now, taking into account (|A.4j ) 



D kM - A *\ k = (d r D rM ~ A * + ^l D rA2 - A ^j + (d B D 



\BAi-.A 



2 ... Ap + T * cD 



CA 2 



r~ 2p d r {r 2p D rA2 - A ?) + D 



A 1 A 2 ...A P 



\Ai 



C Derivation of Maxwell equations 



Using ( 2.12 ) one obtains: 



Q 



^A 2 ...A P 
(1) 



rD 



^rA 2 ...A p _ J_ rA 2 ...A p A 1 B 1 ...B p r> 

jt 1J B 1 ...B P \\A 1 



_ B 1 ...BpA 1 ...A v td 
l 

pi 



Bi...B p \\Ai 



" /1A p-l ii (l) 
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In the same way one proves (|5.3|) using ( 2.10Q . Now 



n 



(i) 

B 2 ...B P 



P 



A;^ (e Al ... ApBl ... Bp B A -- A ^ 



—^ P -l e A 1 ...A v B 1 ...B 

r 

+ ^i...^ p C 1 rC 2 ...C pV £ 



C\...C V 



Ci^rC 2 ...C % 



(-l^—A^^V* 1 ((-l)WL>c,.. Cp + (-irVp!V Cl Z? rCa 



- ^B p D r B 2 ...Bp- 1 B 1 

= rA;^V Bl [a rJ D Bl ...B p - (-irV^DV.W 
= rA;_ 1 1 [a r V Bl J D Bl ... Bp -r- 2 A p _ 1 L> r . B ,.. Bp " . 

Now, for any tensor field X A - one has: 

r 2 V A {d r X A ;-) = d r (r 2 V A X A ;- 

To prove ( |C3| ) note, that 



[dr,V B ]=0, 



and, therefore 



(d r X A s) l]B V AB = d r (V B X A j~) V AB = d r (v AB V B X A . 



d r (v AB ) V B X, 



But 



d r 1] 



AB 



and the formula ( |C.3| ) follows. Using ( p.3| ) one obtains 

tl { Z.. Bp = rA;i 1 [r- 2 a r (r 2 V Bl D i;i ... Bp )-r- 2 V 1 Z} rB ,.. Bp 

Now, 



<9 r (r 2 D 



B!...B P 



\Bi 



d r (r 2 r ]B2 c 2 ...VB p c p D Cl - Cp \\c 1 
r- 2 v +2 VB2 c 2 ...VB p c p d r { r2PDCl --- Cp \\c i 



—r 



-2p+2 



VB 2 c 2 .:VB p c p d 2 r(r 2 ?D rC - c A , 



due to Lemma f|. Finally, 



Rb1...b p - -Vb 2 c 2 ---Vb p c p ^ p ~i 
The same arguments apply for iT 2 ). 



-2 P+ i d 2 ( r 2 P -i Q g-^ +r-*A p _ 1 Q*" XJ > 



[r-'d 2 (tqZ.b p ) + r-^gg..^ 
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